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TOTALLY GEODESIC SPECTRA 
OF 

QUATERNIONIC HYPERBOLIC ORBIFOLDS 

JEFFREY S. MEYER 


Abstract. In this paper we analyze and classify the totally geodesic subspaces of finite volume 
quaternionic hyperbolic orbifolds and their generalizations, locally symmetric orbifolds arising from 
irreducible lattices in Lie groups of the form (Sp 27 j(M)) <? x JlUi Sp(p», n—pt) x (Sp 2 „(C)) s . We give 
criteria for when the totally geodesic subspaces of such an orbifold determine its commensurability 
class. We give a parametrization of the commensurability classes of finite volume quaternionic 
hyperbolic orbifolds in terms of arithmetic data, which we use to show that the complex hyperbolic 
totally geodesic subspaces of a quaternionic hyperbolic orbifold determine its commensurability 
class, but the real hyperbolic totally geodesic subspaces do not. Lastly, our tools allow us to show 
that every cocompact lattice T < Sp (to, 1), m > 2, contains quasiconvex surface subgroups. 


1. Introduction 


Quaternionic hyperbolic space is one of the four classes of rank one Riemannian globally 
symmetric spaces of noncompact type [261 §19]. A finite volume quaternionic hyperbolic orbifold 
is a locally symmetric space arising as a quotient of HJJ by a lattice T C Isom(H^) = PSp(m, 1). 
Such spaces are quaternion-Kahler manifolds with negative sectional curvature and, furthermore, 
are Einstein manifolds. In this paper, we analyze and parametrize the totally geodesic subspaces 
of finite-volume quaternionic hyperbolic orbifolds and their generalizations. In particular, we are 
guided by the following question. 

Question 1 . Let X denote a set of finite volume Riemannian orbifolds. Suppose M, M' G X have 
the property that each finite volume nonflat totally geodesic subspace N C M is commensurable to 
a totally geodesic subspace N' C M'. Must M and M' be commensurable? 


There are obvious refinements of this question where one restricts the collection of totally 
geodesic subspaces being considered to ones with some additional property V. The rational 
totally geodesic spectrum relative to V of a Riemannian orbifold M is the set 


( 1 . 1 ) 


Q TG(M,V) := 


{ Commensurability classes of nonflat, finite volume, 
totally geodesic subspaces of M satisfying property V 


Let QTG(M) := Q TG(M, 0). We write M ~ c M' when M and M' are commensurable. Question 
1 can be succinctly restated as: For M,M' G X, does Q TG{M) = Q TG(M') imply M ~ c M'? 
The analysis of this question begins by identifying an interesting yet tractable class X such as a 
collection of arithmetic Riemannian locally symmetric orbifolds of a fixed Killing-Cartan type. In 
such a case, one may then use the classification of simple algebraic groups over number fields to 
analyze these spaces. 
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There are several classes of spaces for which there is a positive answer to Question [U including 
arithmetic real hyperbolic 3-manifolds that contain a totally geodesic surface [22], standard arith¬ 
metic real hyperbolic m-manifolds, m > 4 m, and more generally arithmetic locally symmetric 
orbifolds of type B n or D n coming from quadratic forms of dimension at least 5 where either both 
spaces are simple or have isomorphic fields of definition. [23], However, there are classes of spaces 
for which there are negative answers as well. There are infinitely many commensurability classes 
of arithmetic real hyperbolic 3-manifolds with no totally geodesic surfaces JT8] Thm 9.5.1]. More 
generally, there are noncommensurable arithmetic manifolds arising from semisimple Lie groups 
of the form (SL n (R)) r x (SL n (C)) s (i.e., of inner type A n _ i) that have the same commensurability 
classes of totally geodesic surfaces coming from a fixed field [2Q]. 

In this paper, we address Question |T] for the class of spaces coming from absolutely almost 
simple ^-groups of Killing-Cartan type C n , where A: is a number field and n > 3. These spaces are 
locally symmetric orbifolds arising from irreducible lattices in semisimple Lie groups of the form 
(SP2n(®0) 9 x ni=i Sp (pi,n — pi) x (Sp 2 n (C)) s , n > 3. In Section |4]we give an explicit construction 
of these lattices. In particular, finite volume quaternionic hyperbolic orbifolds are examples of such 
spaces. We use this construction to give a parametrization of commensurability classes of finite 
volume quaternionic hyperbolic 4?n-orbifolds, m > 2, in terms of admissible triples (k,Vo,D) 
where A: is a totally real number field, vq is a distinguished real place of A;, and D is a quaternion 
division algebra over k that ramifies at every infinite place of k (Definition 14.711 . 


Theorem A (Parametrization of commensurability classes of finite volume quaternionic hyper¬ 
bolic orbifolds.). For each m > 2, there is a bijection between commensurability classes of finite 
volume quaternionic hyperbolic 4m-orbifolds and equivalence classes o fiadmissible triple^ (k , t’ 0 , D). 
Furthermore, for each such commensurability class, k is its field of definition and D is its algebra 
of definition. 


This parametrization may be known to some experts, but it has not appeared in the liter¬ 
ature. Theorem [A] is the quaternionic hyperbolic analogue of of Maclachlan’s parametrization 
of commensurability classes of standard arithmetic real hyperbolic spaces m and McReynold’s 
parametrization of commensurability classes of arithmetic complex hyperbolic spaces of first type 
[2T1 Chapter 5]. 

We say a Lie group is simple if the complexification of its Lie algebra is simple (which is to 
say the algebraic M-group corresponding to its adjoint group is absolutely simple). In particular, 
in the case of groups of type C n , it means q + r = 1 and s = 0. Throughout this paper, M 
will denote a locally symmetric space and M its globally symmetric universal cover. A locally 
symmetric space M is simple if Isom(M) is a simple Lie group, and we denote its field of definition 
by k(M ) [2S Section 7]. 

Theorem B. Let Mi and M 2 be simple finite volume locally symmetric orbifolds of type C ni and 
C n2 , respectively, where n* > 3, and let Gi = Isom(Mj). If QTG(Mi) = Q TG(M 2 ), then 

(a) Gi and G 2 are isomorphic as Lie groups. In particular, 

(i) n x = n 2 =: n, 

(ii) rank Mi = rank M 2 , 

(Hi) dim Mi = dim M 2 . 

(b) Furthermore, if n > 4, then k(Mi) and k(M 2 ) are isomorphic. 
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Using the theory of Hermitian forms over division algebras over number fields [31] and the 
classification of algebraic groups [32], we are then able to prove the following theorem about locally 
symmetric spaces of type C n . 

Theorem C. Let Mi and M 2 be finite volume locally symmetric spaces of type C ni and C n2 
respectively, where Ui > 3 ; such that k(Mfi and k(M 2 ) are isomorphic. If QTG(Mi) = Q TG(M 2 ), 
then Mi ~ c M 2 . 

In particular, Theorem [B] and Theorem [C] together imply (Corollary 16.31) that the commen- 
surability class of a simple finite volume locally symmetric space of type C n , n > 4 is completely 
determined by its finite volume totally geodesic subspaces. 

A quaternionic hyperbolic 4m-orbifold M has three types of proper totally geodesic subspaces: 
quaternionic hyperbolic, complex hyperbolic, and real hyperbolic (see Theorem 12.121) . Such a 
totally geodesic subspace is maximal if it attains dimension: 4 m — 4, 2 m and m, respectively. 
We analyze the role that each type plays in determining the commensurability class of M. 

We let Ah denote the set of finite volume quaternionic hyperbolic orbifolds of dimension at 
least 8 and let Vm (resp. Vc, Vr) be the property of being maximal quaternionic (resp. complex, 
real) hyperbolic. (For example, in this notation, <QTG(M,Vc) is the set of commensurability 
classes of maximal, finite volume, complex hyperbolic, totally geodesic subspaces of M.) 

Theorem D. If Mi,M 2 £ and either QTG(Mi, V c) = QTG(M 2 , Vc) or QTG(Mi, Vm) = 
QTG(M 2 , Vm), then Mi ~ c M 2 . 

In other words, Theorem □ says that the complex hyperbolic (resp. quaternionic hyper¬ 
bolic) totally geodesic subspaces determine a commensurability class. In contrast, real hyperbolic 
subspaces fail to determine a commensurability class. 

Theorem E. For every s £ Z>i, there exists a family of pairwise noncommensurable spaces 
Mi, M 2 ,..., M s £ Th such that QTG(Mi, Vr) = QTG(Mj, Vr) for all 1 < i, j < s. 

Theorems iDl and lEl can be thought of as an orbifold analogue of fact that a quaternion division 
algebra over a number field is determined by its collection of maximal subfields, but not by its 
center. 

A surface group is the fundamental group of a closed surface (that is not the sphere). Un¬ 
derstanding if and how surface groups sit inside certain word-hyperbolic groups has been a major 
line of inquiry in recent years, and even played a prominent role in resolving Thurston’s virtual 
Haken conjecture raim Gromov has conjectured that every one-ended word-hyperbolic group 
contains a surface subgroup. In [IT], it was shown that cocompact lattices in rank one simple Lie 
groups of noncompact type distinct from SO (2m, 1), m > 1, contain surface subgroups. A con¬ 
sequence of the results of [24] is that arithmetic cocompact lattices in groups of type SO(2m, 1), 
m > 2, contain quasiconvex surface subgroups. We use our techniques to prove the following. 

Theorem F. IfT < Sp(m, 1), m > 2, is a cocompact lattice, then T contains quasiconvex surface 
subgroups. 

In fact, in Theorem 18.41 we show that all nonuniform lattices in Sp(m, 1) contain surface 
subgroups as well. It should also be noted that the methods used in these theorems are arithmetic 
in nature, and hence very different from the methods of [IT) . 
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2. Quaternionic Hyperbolic Geometry 

As compared to real hyperbolic space, H]^, and complex hyperbolic space, H™, there is 
relatively little in the literature about 4m-dimensional quaternionic hyperbolic space HJjf ( [261 
§19], [2], [IS])- For the reader unfamiliar with we devote this section to describing its 
geometry. In particular, in Theorem 12.121 we give a classification of the totally geodesic subspaces 
of Hg that will be important in later sections. It should be noted that, while the theory in many 
ways is similar to that of complex hyperbolic spaces, much greater care must be taken in definitions 
and computations due to the noncommutativity of the quaternions. 


2.1. Notation. Throughout this section, we shall use the following notation. Let 

• El = (—1) be Hamilton’s quaternions over M. 

• a be the conjugate of a € HI. 

• V = HI m+1 denote the m + 1-dimensional El-vector space with both left and right H-action. 

• h denote the canonical Hermitian form on V with signature (m, 1). i.e., for v, w G V, 

m 

/l(v, w) ^ ^ UjWj 

i= 1 

where v = {v l7 v 2 , • • • , v m+1 ) and w = (ur, w 2 , ■ ■ ■, w m+1 ). 

• El™ - ’ 1 denote the Hermitian pair (V, h). 

• [v] denote the set {v«} where v e V is fixed and a ranges over El. We call [v] an El-line. 

• P(H) = {[ v ] | v e V}. 

• v e V (resp. [v] G P(V)) be called a negative vector (resp. negative line) if h(v ,v) <0. 

• GL m+1 (EI) be the set of invertible (m + 1) x (m + 1) matrices with entries in El. This can 
naturally be identified with invertible right-H-linear maps of V, T(va ) = T(v)a. 

• Sp(m, 1) = {A e GL m+ i(H) | h(Av,Aw) = h(v, w) for all v, w e El” 1,1 }. If we let 



then this amounts to 

Sp(m, 1) = {A e GL m+1 (El) | T AHA = H}. 
• sp(m, 1) = {A e 0 l m+ i(H) | H( t A)H + A = 0}. 


sp(m, 1 ) = f 

l ■= <; x 0 

t S 0 Y 


p is the standard Cartan decomposition of sp(m, 1) where 

0 


X e sp(m), Y e sp(l) 


and 


P := 


J mxm Y 

T— 

V 


0 


vef 
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2.2. Models of Hgf. As for real and complex hyperbolic space, there are many models for quater- 
nionic hyperbolic space. We identify three models here. 


(Ml) The negative H-line model is the set Ljj := {[v] G P(V) | h(v, v) < 0}. 

(M2) The ball model is the set Bg := |v = (vi,v 2 , ■ ■ ■ ,v m , 1) G El” 1 ’ 1 Y^L\ W < l| • 
(M3) The homogenous space model is the quotient (Sp(m).Sp(l))\Sp(m, 1). 


It is not hard to see that these spaces are all diffeomorphic. The projectivisation map sending 
v to [v] is a diffeomorphism between B 

/ Sp(m) 0 


h and Ljj. The group Sp(m, 1) acts transitively on negative 


lines in HP”’ 1 


)20] and K := Sp( m). Sp(l) = 


0 


Sp(l) 


C Sp(m, 1) is the stabilizer of 


the negative line [0,1]. The continuous bjiection from (Sp(m).Sp(l))\Sp(m, 1) to LJJ is in fact a 
homeomorphism, and hence a diffeomorphism [12], II.4.3]. 


2.3. Riemannian and Quaternion-Hermitian Metrics on Hjj. There are two Riemannian 
metrics of interest on H^: the hyperbolic metric, which has sectional curvature bounded be¬ 
tween — 1 and — and the Killing metric, which is the induced metric from the Lie group 
Sp(m, 1). Both of these Riemannian metrics yield Sp(m, l)-invariant distance formulas, and it is 
known that such metrics on HjJ are unique up to scaling [261 §20]. In this subsection we describe 
these two metrics and explicitly compute the scaling factor between them. 


2.3.1. The Hyperbolic Metric. For a negative vector v G HI” 1 ’ 1 , the tangent space Tjy ]CMh[) can be 
identified with the vector subspace [v]^ := {w G T^HP"’ 1 ) = HP”’ 1 | h( w,v) = 0} by scaling by 
the norm ||v|| := h(v, v) of v, i.e. there is a natural map 

Pv: [v]i -*■ T [v| (LjJ), 


w 

w ^ 77—IT- 

I l v l I 

Via these identifications, the Hermitian form h naturally defines a quaternion-Hermitian metric 
on LJJ as we now show. Let L G LJf and let W±, W 2 G Tl( LjJ). By the above remarks, there exists 
a negative vector v such that L = [v] and tangent vectors wi,w 2 G [v]^ such that p v (wi ) = W\ 
and Pv(w 2 ) = W 2 . Then the quaternion-Hermitian metric at L is given by 


(W 1 ,W 2 )l ■= (wi,w 2 ), 


:=4 h 


wq 


w 2 


( 2 . 1 ) 


a/— h(v, v) ’ yOfiy 
4h(wi, w 2 ) 


h(v,v) 


The real part of this form defines a Riemannian metric g on L(” which we call the hyperbolic 
metric, i.e., 


(2.2) 


g L (W u W 2 ) ■.= Re((W u W 2 ) L )- 
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More generally, arbitrary vectors w 1 ,w 2 E T V (1H[ T71 ’ 1 ) = HP"’ 1 represent tangent vectors in 
T[ V ](L^) by projecting onto [v]^ and we define 


(wi,w 2 ) t : = 


-4fi(wi - proj v Wi, w 2 - proj v w 2 ) 


(2.3) 


= -4 


fi(v,v) 

h(v, v)/r(wi, w 2 ) - /i(wi,v)/i(v,w 2 ) 


h(v, v ) 2 

where proj v w is the projection of w onto [v] given by 


h(v. w) 
proj v w = v—--. 

h(v,v) 

This is similar to the complex hyperbolic case (see [51 §2]) but note that we have normalized the 
metric to fix the sectional curvatures between —1 and 

This metric gives the hyperbolic distance between two negative vectors v 1; v 2 E HP 11 ’ 1 via 
the following formula 


(2.4) 


dist(vi,v 2 ) = 2 cosh 


-i ( / h(vi, v 2 )h(v2, vi) 

h(vi,vi)h(v 2 , v 2 ) 


This induces well defined compatible distance functions on both BJJ and LJJ. Furthermore, it is 
clear that this distance formula is Sp(m, l)-invariant. Again, as in the complex hyperbolic case 
(see P 3.1.7]), this normalization will fix the sectional curvatures between —1 and 


2.3.2. The Killing Metric. The tangent space T[o,i](LJf) is naturally identified with the “horizontal 
subspace” V 0 := {(w,0)} C T( 0 ,i)(lH[ m ’ 1 ) = El" 1 ’ 1 which in turn is naturally identified with the H- 
subspace p coming from the Cartan decomposition of sp(m, 1) via the map 


T-.V 0 ^p 


W 


u nxn 

T— 
W 


W 

0 


The adjoint representations of Sp(m, 1) and sp(m, 1) are defined by 

Ad : Sp(m, 1) -)• Aut R (sp(m, 1)) C GL 3 m 2_ 5 m+ 3 (l), Ad(x)(y) := xYx ~ l , 
ad : sp(m, 1) -)• End R (sp(m, 1)) C Mat 2 m 2_ 5 m+ 3 (M), ad(X)(F) := XY - YX, 


where the matrix multiplication comes from the matrix multiplication of Mat m+ i(H). The Killing 
form on p is a bilinear R-form defined via 


k 0 (X,Y) := Tr((adX)(adF)). 

The Killing metric k on HS is the Riemannian metric obtained by using the action of Sp(m, 1) to 
identify each tangent space with the inner product space (Vo, k 0 ). It is an immediate consequence 
that the corresponding distance formula is Sp(m, l)-invariant. 
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2.3.3. The Scaling Factor. While the hyperbolic metric is geometric in nature and the Killing 
metric is Lie theoretic in nature, they both yield Sp(m, l)-invariant metrics on HJJ, and hence 
there is some constant c G M>o such that eg = a. 

Let ho denote the restriction of h to Vo and let go denote the bilinear form on Vo obtained by 
evaluating the hyperbolic metric g at [0,1]. 

Lemma 2.4. Let w G El" be the vector with 1 in the first entry and zeros elsewhere. Then 
9o( w, w) = 4. 

Proof. A direct computation using (12. ip gives 

<7o(w, w) = Re ^ 4fo 0 (w,w) ^ _ + 0 + 0 H-f 0)) = 4. 

□ 


The following two lemmas about the Lie algebra sp(m, 1) are easily verified with a little Lie algebra 
bookkeeping. 


Lemma 2.5. The following is an R-vector space basis of sp(m, 1). 


XAa) = 


’nxn 

T =7 


w 0 


where w is zero everywhere except a G {1 ,i,j,k} in its £ th entry. 


There are 4m of these. 

• Y^fia), £\ < £ 2 < m + 1 is zero everywhere except a G {1 ,i,j,k} in the £\£ t fi entry and 

—a in the £ 2 £f\ entry. There are 4 j = 2 ?n 2 — 2m of these. 

• Hfia) is zero everywhere except a G {i, j, k} in the £ th diagonal entry. There are 3 m + 3 
of these. 

Furthermore {Xfia)} is a basis for p and (Wp 2 (a), Hfia)} is a basis for £. 


Lemma 2.6. 

(1) [Xzfia-i), X h (a 2 )] = Y^fiaLaf) for £ x < £ 2 , 

(2) [X £l (ai), Wp 2 (a 2 )] = Xifia^ai) for ^ < £ 2j 

(3) [Xifiai), H£ 2 (a 2 )\ = 0, 

(4) [^i(ai),y^ 3 (« 2 )] = 0 where £\^i 2 < £ 3 - 
Corollary 2.7. K 0 (Ad(l), Ad(l)) = 8 (m — 1). 

Proof. We use the above lemmas to compute ad(Ad(l)). It is not hard to see that ad(Ab(l)) is 
going to be symmetric with all zeros except for 4(m — 1) l’s from Xg(a) for £ > 1 and 4(m — 1) 
l’s from Yi p(o) for £ > 1. Hence (ad(Ab(l))) 2 is a diagonal matrix with 8(m — 1) l’s along the 
diagonal and all the rest 0’s. □ 


Corollary 12.71 together with Lemma [2.41 and earlier remarks prove the following proposition. 

Proposition 2.8. Let g and k. denote the hyperbolic metric and Killing metric on HJJ respectively. 
Then 2(m — 1 )g = k. 
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2.9. Isometries of Hg. Given equations (12. ip and (12.4j) . it is clear that Sp(m, 1) acts isometri- 
cally on Hg and it in fact the full isometry group is given by 

(2.5) Isom(Hg) 9* PSp(m, 1) := Sp(m, 1 )/{±/}. 

Note that all isometries in PSp(m, 1) are orientation preserving. 


2.10. Totally Geodesic Subspaces of Hg. Proposition 12.81 savs that totally geodesic subspaces 
of Hg coming from the hyperbolic metric and the Killing metric coincide. We may now use 
Lie theory to classify the totally geodesic subspaces of Hg. The totally geodesic subspaces are 
naturally in bijective correspondence with Lie triple systems of p [12, IV. Thm 7.2], i.e. R-vector 
subspaces m C p such that [[m, m], m] Cm]. For X, Y, Z G p. let 


X 


0 nxn Y 

r v 0 


Onxn W 

T w 0 


where v, w, u G EI m . A quick computation gives 


Z 


0 


nxn 



U 

o 




0 


nxn 



Ct 

o 


where 


ct = v( T wu) — w( T vu) — u( 5 vw — T wv) 

(2.6) = vh 0 (w, u) - wh 0 (v, u) - u(h 0 (v, w) - h 0 (w, v)). 

From this computation, we see there are three classes of Lie triple subspaces W 0 C V 0 = p: 

(Tl) Totally Real. h 0 (Wo,Wo) C R. It follows that Wo and Wq5 are go-orthogonal for any 
pure quaternion 5 G HI. 

(T2) Totally Complex. Wo is not totally real but there exists a pure quaternion 8 G HI such 
that ho(Wo,Wo) C R(<5). It follows that this condition is equivalent to the criterion that 
W 0 5 = W 0 and IF 0 /i and IF 0 are r/ 0 -orthogonal where fi is a pure quaternion complimentary 
to 5 (i.e., HI is generated as an R-algebra by 5 and fi, where 5/z = — (i5). Identifying the 
quadratic extension R(5) with C, then Woa = Wo for any a G C. 

(T3) Totally Quaternionic. Wo is neither totally real nor totally complex. In this case, 
it follows that for any pure quaternion 8 and a compliment //, Wq8 = Wo = Woji. In 
particular, Woa = Wo for any a G EL 

Conversely, it is not hard to see from (12. 6 p that any totally real, totally complex, or totally 
quaternionic subspace ILo C HI" determines a Lie triple system, and hence is the tangent space to 
a totally geodesic submanifold of quaternionic hyperbolic space going through [0,1]. 

Definition 2.11. An R-subspace W C V totally real (resp. totally complex, totally quater¬ 
nionic) if it is in the Sp (m, l)-orbit of a subspace containing [0,1] whose “horizontal component” 
is totally real (resp. totally complex, totally quaternionic). 

We now have the following classification. 
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Theorem 2.12 (Classification of Totally Geodesic Subspaces of Fig). There is a bijection be¬ 
tween totally geodesic subspaces N of Lg and H-subspaces W C V containing a negative vector. 
Furthermore, the induced Riemannian metric on N is determined by W as follows: 

(1) N is real hyperbolic yy W is totally real. 

(2) N is complex hyperbolic yy W is totally complex. 

(3) N is quaternionic hyperbolic yy W is totally quaternionic. 

Proof. If W C V is an K-subspace containing a negative vector, then N := [W] D Lg is totally 
geodesic submanifold of Lg and all totally geodesic subspaces arise in this way. When W is totally 
real (resp. totally complex, totally quaternionic), the quaternion-Hermitian metric on Lg given 
in (12. ip induces a Riemannian (resp. Hermitian, quaternion-Hermitian) metric on N and the 
restriction of the hyperbolic metric (12.21) to N then assumes familiar form of the hyperbolic metric 
on the negative line model of real (resp. complex, quaternionic) hyperbolic space. Conversely, 
when the induced Riemannian metric on N is quaternionic (resp. complex, real) hyperbolic, the 
tangent bundle comes equipped with almost quaternionic (resp. almost complex, no complex) 
structure, which implies W is totally quaternionic (resp. totally complex, totally real). □ 


3. Background on Hermitian Forms over Division Algebras 


To construct lattices in Sp(m, 1), and more generally in Lie groups of type C n , we use Her¬ 
mitian forms over division algebras over number fields. In this section we introduce the algebra of 
these objects which we use in later sections. We introduce the following notation: 

• k is a number field with places 14 and infinite places F fc °°, 

• Ok is its ring of integers, 

• D = (g£) is a quaternion algebra with center k and standard involution denoted by a ha a, 

• Td — (1, — 1 a, —b, ab) is the norm form of D , 

• V is an n-dimensional vector space over I). 

• h : V x V —> D is a Hermitian form relative to the standard involution of D , 

• for each v G 14, (14, h v ) is the extension of h to V v := V <£)*, k v . 

Recall that since h is Hermitian it satisfies h(x,y ) = h(x,y). For all x G V, Qh(x) := h(x,x) = 
h(x,x) and hence Qh(x) G k. Viewing V as a 4n-dimensional vector space over k, ( V,qh ) is 
a quadratic space and (p, is called the trace form of h. Given any orthogonal basis, h can be 
represented by a diagonal matrix diag(ai,..., a n ) with entries in k. Let q denote the n-dimensional 
quadratic form q — (ai,... ,a n ) over k , which we call the restriction form of h to k. A quick 
computation shows qh = ipo^q- We will frequently make use of the fact that two Hermitian forms 
hi and hi over D are isometric as Hermitian forms over D if and only if q^ and qh 2 are isometric 
as quadratic forms over k [3Tj Theorem 10.1.7]. 

For a nonarchimedean place v G 14, we let (a, b) denote the Hilbert symbol of a,b G k v . 
A quadratic form over a nonarchimedean field is completely determined by three invariants: its 
dimension (dim), determinant, (det), and Hasse-Minkowski invariant (c) |2T, Theorem 63:23]. 


Lemma 3.1. Let v G 14 a nonarchimedean place and let D = (^j^J be a quaternion division 
algebra over k v . If h v is an m-dimensional Hermitian form over D and qh v is its trace form, then 


dim q hv = 4 dim h v , 
det q hv = 1, 
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c(gO = Mn-W) m 

In particular, c(qh v ) = 1 when m is even. 

Proof. We directly compute each. 

dim(g fe J = dim(<p D © q) 

= dim((l, —a, —b, ab) © q) 

= dim ((1 )q © {—a)q © {—b)q © (ab)q) 

= 4 dim h v 

det(q hv ) = det((^D ® q) 

= det((l, —a, —b, ab) © q) 

= det ((1 )q © {—a)q © {—b)q © (ab)q) 

= (det g)((— a) m det q)((— b) m det q)((ab) m det q) 

= 1 

c(g/J = c[ip D © q) 

= c((l, —a, —b, ab) © q) 

= c ((1 )q © {—a)q © {—b)q © (ab)q) 

= c(q ) c({—a)q © {—b)q © (ab)q) (d, d ) 

= c(q) c((—a)q) c((—b)q®(ab)q) ((—a) m d,(—a) m ) (d,d) 

= c(q ) c((-a)q ) c((-b)q) c{(ab)q) ((- b) m d,{ab) m d ) ((-a) m d, (-a) m ) {d,d) 

= c(q) c((—a)q) c((-b)q ) c((ab)q ) (d, d)(d, (-a) m )((-6) m , a ra ) ((- a ) m d, (-a) m ) (d, d) 

= c(g) c((-a)q) c((-b)q ) c((a6)g) ((-6) m ,a m ) ((-a) m , (-a) m ) 

= c(g) c((—a)q) c((-b)q) c((ab)q) (a m ,6 m ), (a m , («l) m ) ((-l) m , (-l) m )(a m , a m ) 

= c(g) c((—a)q) c((—b)q) c((ab)q) (a,b) m \- 1,-l)"* 2 
= (c(g)) 4 (—a, e)(—b, e)(ab, e) (a, &) m2 (-l, -l) m2 

= (a,6H-i,-ir 

□ 

Lemma [3711 allows us to give a proof of the following known result (see 10.1.8 (ii)]). 

Proposition 3.2. Over a nonarchimidean local field, there exists a unique Hermitian form of 

dimension m over the unique quaternion division algebra. 


Proof. The local invariants dim, det, and c of a trace form qy lv are totally determined by m and 
D. Therefore the trace forms of two m-dimensional Hermitian forms over D are isometric m 
Theorem 63:23], and hence the Hermitian forms themselves are isometric |311 Theorem 10.1.7]. □ 
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4. Constructions of Irreducible Lattices 

There are three flavors of noncompact building block Lie groups of type C n corresponding to 
the three types [321 of R-simplc, R-isotropic, algebraic R-groups of type C n : 

(1) Sp 2n (R) - The split, form over R. It comes from a 2n -dimensional symplectic form over R. 
This group has R-rank n. 

(2) Sp (p,n — p), 0 < p < n - The non-split forms over R. They come from n-dimensional 
Hermitian form over HI. This group has R-rank min {p,n — p}. 

(3) Sp 2n (C) - The split form over C. It comes from a 2n -dimensional symplectic form over C. 
This group has R-rank 2 n. 

A group of type C n (with no compact factors) is isogenous to a product 

r 

G = ( S P2nW) ? X II Sp (ft.»-») X ( S P2n( C )) S 
2=1 

where for each i, 0 < Pi < n, and p,q,r are nonnegative integers. In this section, our goal is to 
give constructions of the irreducible lattices in groups of type C n , n > 3. Recall that a lattice 
in such a product is irreducible if it is not commensurable to a product of lattices coming from 
factors [30]|. All such irreducible lattices in G are arithmetic [T9] [10]. As such we may use the 
classification of algebraic groups of type C n over number fields [32] to construct all irreducible 
lattices. 

There are two types of lattices, depending on whether the initial /c-group is fc-split. While we 
give both constructions, the nonsplit-type lattices will be of more interest to us since they are the 
lattices that give the fundamental groups of finite volume quaternionic hyperbolic orbifolds. 

Construction 4.1 (Split-type Irreducible Lattices). 

(1) Let G = Sp 2n (fc) and G = (Sp 2n (R))' ? x (Sp 2ri (C)) s where 

• q is the number of real places of k and 

• s is the number of complex places of k. 

Observe G is a semisimple Lie group with no compact factors and is simple when q — 1 
and s = 0. 

(2) Via the diagonal embedding, Sp 2n (CV) sits inside G as an arithmetic lattice. 

(3) Let T C G be a subgroup commensurable up to G -automorphism with Sp 2n (CV). Then T 

is an irreducible lattice of split-type C n . 

(4) Let K cGbea maximal compact subgroup and let Mp := Y\G/K. Then 

(a) Mp is a locally symmetric orbifold of split-type C n . 

(b) k(M r ) := k is the field of definition of Mp. 

Construction 4.2 (Nonsplit-type Irreducible Lattices). 

(1) Let G := SU (V,h) be the absolutely almost simple fc-group defined by (V, h) and let 
SU{h) := G (k). 

(2) Let (m^ , m_ ) denote the signature of (V vi h v ) for each real v G I 4 00 where D ramifies. 

(3) Let G t , denote the algebraic Ay-group SU(W, h v ) for each v G I 4 00 . 

• If v is real and D v splits, then G„(R) = Sp 2n (R). 

• If v is real and D v ramifies, then G„(R) = Sp 

• If v is complex, then G„(R) = Sp 2n (C). 
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(4) Let G' := R^/qG be the semisimple Q-group formed by restriction of scalars. Then 
G'(M) = n G »( K ) is a semisimple Lie group which has compact factors at precisely the 
real places where h is anisotropic. Furthermore, there is an isomorphism G (k) = G'(Q), 
and hence there is a natural diagonal embedding SU[h) —* G'(M). 

(5) Let G be the projection of G'(M) onto its noncompact factors and denote the projection 
map by 7r : G'(M) —> G. Observe that G is a semisimple Lie group with no compact factors 
and is simple when q + r = 1 and s = 0. 

(6) Fix an order Od in D and an Od -lattice L C V, and let Gl = {T e G (k) \ T(L ) C L}. 
Then Gl sits as a discrete arithmetic subgroup of G'(M). 

(7) Let r C G be a subgroup commensurable up to G -automorphism with tt(Gl)- Then V is 

an irreducible lattice of nonsplit-type C n . 

(8) Letting 

• q be the number of real places of k where D splits, 

• r be the number of real places of k where D ramifies and h is isotropic, 

• s be the number of complex places of k, and 

• Pi = rri+ ^ where {vi,..., iy} is the set of real places where D ramifies and h is 

isotropic, 

we have the following diagram illustrating our construction of irreducible arithmetic lattices 
in G: 


x Yl S P2n(C) 

v complex 


Sp (pi,n-pi) x (Sp 2 n (C)r 

(9) Let K C G its maximal compact subgroup and let Mr := T\G/K. Then 

(a) Mr is a locally symmetric orbifold of nonsplit-type C n , 

(b) k(M r ) \= k is the field of definition of M r , and 

(c) D(M r ) ■= D is the algebra of definition of M r . 

A choice of another order 0' D in D , another 0' D - lattice L' C V, and another group T' commensu¬ 
rable up to G'-automorphism with 7t(Gl') will produce a space Mr' which is commensurable with 
My. Hence choosing h determines a commensurability class of orbifolds which we denote by M^. 

Remark 4.3. By [29j Lemma 2.6], when My is simple, k(My ) coincides with the minimal field of 
definition of T in the sense of Vinberg [33] . 

Remark 4.4. The above two constructions show that one obtains a commensurability class by 
choosing k and G. If k' and G' also give the same commensurability class, by [29] Proposition 2.5], 
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there is a field isomorphism r : k' —)■ k and a h-rational isomorphism 0 : G —)■ G' x g pec ^ Spec k 
where G' Xg pecfc , Spec A: is the associated base change from k! to k. 


G \ ^ G Xg p ec k' Spec k 

<t> 

N/ Np 

Spec k -> Spec k - 

Id r* 


» G' 


> Spec k' 


Remark 4.5. With Remark 14.41 in mind, it follows that a choice of k and n determines a com- 
mensurability class of an Mp of split-type. 


Remark 4.6. By going through the above construction, we identify the following necessary and 
sufficient additional assumptions to make Mp quaternion hyperbolic. 

(1) k is totally real (i.e., no Sp 2n (C) terms) 

(2) D ramifies at all real places (i.e., no Sp 2n (M) terms) 

(3) h is anisotropic at all but one real place, Vq (i.e., only one Sp (pi,n — pi) term) 

(4) h <g) k V0 has signature (n — 1,1). (i.e., G = Sp(n — 1, 1)) 

In this case, Mp will be a 4m-dimensional quaternion hyperbolic orbifold where m = n — 1. 


Definition 4.7. Let k be a number field with a distinguished infinite place Vq G 14 and D G Br(fc) 
be a quaternion division algebra. We call the triple (k, Vo, D) admissible if k is totally real and 
D ramifies at all real places of k. Two admissible triples (k, Vq, D) and ( k' , Vq, D') are equivalent 
if there exists a field isomorphism r : k' —^ k sending v' 0 to To and an isomorphism of fc-algebras 
(j) : D —>■ D (gifc/ k. 


D 


-> D k <- 


Id 


k <- 


D' 

/N 

k! 


If one wishes to think of k living in C, one may view the distinguished place Vq as the identity 
embedding. We will sometimes refer to an admissible pair (k, D) when Vo is clear. 

It is not hard to see from Remark l4.6l and Construction 14 .2 1 that given m >2 and an admissible 
triple (k,vo,D), one may build a commensurability class of quaternionic hyperbolic 4m-orbifolds 
by considering the m-dimensional Hermitian space (V,h) over D/k that has signature (m + 1,0) 
at all but the distinguished real place, where it has signature (m, 1). (Note that by Lemma 1X41 
and pTTl Theorem 7.8.1], (V, h) is uniquely determined at all finite places.) Hence for each m > 2, 
this gives a surjective set map 

C rn : {admissible triples} —> {commensurability classes of quaternionic hyperbolic 4m-orbifolds}. 

Proof of Theorem\A 1 In light of the proceeding remarks, all that remains to be shown is that if 
C m (k, Vo, D ) = C m (k' , v' 0 , D'), then {k, v 0 , D ) and (k r , v' 0 , D') are equivalent. Let G = SU(V, h ) and 
G' = SU(W, h'). If M h and are the same commensurability class, then by (22, Proposition 
2.5] and Remark 14.41 there is a field isomorphism r : k' —> k and a fc-rational isomorphism 
0: G -+ G' x Spec k' Specfc. The result then follows. □ 
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5. Constructions of Totally Geodesic Subspaces 

In this section we provide constructions of two important classes of totally geodesic subspaces 
of a nonsplit-type orbifold M := Mp, namely subform subspaces and (real and complex) 
restriction subspaces. These should be thought of as generalizations of quaternionic, complex, 
and real hyperbolic totally geodesic subspaces f!2.10p of quaternionic hyperbolic space. We shall 
continue to use the notation set forth in Construction 14.21 

Construction 5.1 (Subform Subspaces). Let (IT, r) be a Hermitian h-subspace of (V,h). Then 
H = SU(IT, r) is an absolutely almost simple /.'-subgroup of G. Let H 7 := R k /qtl. Then H 7 is 
a semisimple Q-subgroup of G 7 . It follows that L D IT is an Cfo-lattice of IT, hence Gl fl H 7 (M) 
is an arithmetic subgroup of H 7 (R). Let H be the image of H 7 (M) under the projection map n. 
Then A := 7 t(Gl D H 7 (M)) is an arithmetic lattice of H. It follows that N\ := A \H/(H fl K ) is 
commensurable to a totally geodesic subspace of Mp. We denote this commensurability class N r . 
In what follows, we shall call such totally geodesic subspaces subform subspaces. Observe that 
for a subform subspace N C M, k(N) = k(M) and D(N) = D(M). Furthermore, if dimr > 2 
and r is isotropic at a real place of k, then N r is a commensurability class of nontrivial, nonflat, 
finite volume, locally symmetric spaces of noncompact type. 

Subform subspaces are always of type Ci for l < n. However, spaces of type C n have many 
other types of totally geodesic subspaces. In particular, a space of type C n has totally geodesic 
subspaces of type B,/D[ coming from quadratic forms and outer type 2 A, coming from Hermitian 
forms over a quadratic extension K/k. As we shall now show, these are constructed by restricting 
the Hermitian form to certain fc-subspaces of V. 

Construction 5.2 (Restriction Subspaces). Fix an orthogonal ZTbasis of V so that h may be 
represented diagonally by h — (ai,a 2 ,... ,a n ). Recall that the Hermitian condition implies that 
a* G k. Let IT denote the fc-span of this basis and let (IT, q) denote the n-dimensional quadratic 
space over k given by q = (ai, a 2 ,..., a n ). Then (IT, q) is obtained by restricting h to IT. 

The quaternion algebra D contains many quadratic extension of k. These are called the max¬ 
imal subfields of D, and we denote the collection of isomorphism classes of maximal subfields 
of D by Max(D). If K C D is a maximal subfield, then there exists a pure quaternion 5 G D 
such that K is isomorphic to k(S). Let (Ws,hs) denote the Hermitian space over K/k given by 
the restriction of h to Ws W © WS. 

To summarize, we have the following inclusions of absolutely almost simple A>groups: 

SO (IT, q) C SU(IT, 5 , h$) C SU (V,h). 

which translated into inclusions of groups with the following Killing-Cartan types: 

I B (n _ 1)/2 (if n is odd) 

(D n/2 (if n is even) n 1 n 

The totally geodesic subspace associated to these subgroups we call maximal real (resp. 
complex) restriction subspaces. More generally, the subspaces of M obtained by applying 
this procedure to a Hermitian subform r of h yields spaces we call restriction subspaces. The 
choice of an order Od C D and Or ,-lattice L C D n gives compatible lattices IT and Ws, thereby 
inducing compatible arithmetic subgroups in SO(IT, q) and SU(ITj, hs), and hence yielding finite 
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volume totally geodesic orbifolds. Furthermore these spaces have the same field of definition as 
the ambient space. 


6. Proof of Theorems m AND o 

We shall continue the notation of earlier sections, in particular (potentially with subscripts) 
we let G denote an absolutely almost simple fc-group of Killing-Cartan type C n , G its associated 
semisimple Lie group with no compact factors, and M a finite volume locally symmetric orbifold 
in the commensurability class determined by G. We begin by showing that QTG(M) determines 
some basic structural information about G, namely its absolute rank and whether or not it is 
fc-split. 

Lemma 6.1. Let Mi and M 2 be finite volume locally symmetric orbifolds of type C ni and C n2 
respectively, Hi > 3. If QTG(Mi) = Q TG(M 2 ), then 

(1) ri\ = n 2 , and 

(2) either Mi and M 2 are both of split-type or both of nonsplit-type. 

Proof. To begin, suppose Mi is of split-type. Then we may take Gi = Sp 2n (fci) and let N C M 
be the totally geodesic subspace associated to Sp 2ni _ 2 (/ci). Since N G Q TG(M 2 ), G 2 contains 
copies of Sp 2ni _ 2 (M) or Sp 2ni _ 2 (C), and hence it follows that ni < n 2 . If M 2 is also of split-type, 
then by symmetry of argument, ni = n 2 . 

We now show that M 2 cannot be of nonsplit-type. We do so by contradiction, namely suppose 
then that M 2 is of nonsplit-type. We may take G 2 = SXJ(h 2 ) for some n 2 - dimensional Hermitian 
form over a quaternion division algebra D 2 over a number field k 2 . If k 2 has a complex place, 
or if D 2 splits at a real place, (i.e., g ^ 0 or s ^ 0), then we may choose a maximal subform 
subspace whose isometry group contains Sp 2ri2 _ 2 (R) or Sp 2n2 _ 2 (C), hence G\ contains Sp 2n2 _ 2 (M) 
or Sp 2n2 _ 2 (C), from which it follows that ni = n 2 =: n. Let H 2 C G 2 denote the algebraic k 2 - 
group associated to a maximal subform subspace of M. By assumption /4 2 /q(H 2 ) is Q-isogenous 
to a Q-subgroup H' C Rk i/q(Gi) [2D Theorem 3.5]. Writing k 2 ®QQ p = ©q p k 2)V , it is well known 
[2B, 2.1.2] that Rk 2 /q( H 2 )(Q P ) = IL| P H 2 (^ 2 ,d) - In particular, for primes over which there is a 
place v G I4 2 where D 2 ramifies, this is a product of fc 2 ,u-groups of type C n - 1 , some of which are 
not A; 2 ,„-split. However, all Q p -subgroup H'(Q) are a product of split groups over ki tV of type C n -i. 
Hence these two groups cannot have the same localizations, and therefore these could not have 
been Q-isogenous. We have found a subform subspace of M 2 not commensurable to a subspace 
of Mi, thereby producing a contradiction. We now have only to check the case when D 2 ramifies 
at every real place (i.e., q — 0 and s = 0). Then G = Jl] 2 Sp (pi,n 2 — pf), and we may choose 
a maximal subform subspace which is also of this form. Then the group n? s p(jd™2 -1—po, 
where p' t is either pi or pi — 1, sits as a Lie subgroup of (Sp ni (M))' ?1 x (Sp ni (C)) S1 , where n\ < n 2 , 
but this cannot happen. We have therefore shown (b). 

We have left to prove (a) when both spaces are of nonsplit-type. We may now take G* := 
SU(hj), i — 1,2, where hi are n*-dimensional Hermitian forms over quaternion algebras Di over 
number fields hy. We shall prove the contrapositive. Ifni n 2 , then (potentially after relabeling), 
dim hi > dim h 2 . Let v 0 G I4 1 be an infinite place where hi tV0 := hi ©/ C1 ki iVQ is isotropic. By 
deleting one entry in a diagonal representation of hi, we have an (n 2 — l)-dimensional Hermitian 
form, which we denote r, over D\ which is isotropic over ki iV0 . Let H := SU(r), H denote the 
projection of i?fc 1 /Q(H)(M) via 7r, and N denote the corresponding subform subspace. Considering 
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the dimensions of the simple factors of H , it follows that H cannot be isogenous to a proper 
subgroup of G 2 . By construction N a nonflat finite volume totally geodesic subspace of M\ which 
N cannot be commensurable a proper totally geodesic subspace of M 2 . The result then follows. □ 

When we restrict to the cases where G is simple, QTG(M) determines additional structural 
information of G, namely its R-ra nk . 

Lemma 6.2. Let M\ and M 2 be simple finite volume locally symmetric orbifolds of type C ni and 
C n 2 respectively, Ui > 2. If QTG(Mi) = Q TG{M 2 ), then rank(Mi) = rank(M 2 ) 

Proof. By Lemma 16.11 ri\ = n 2 . Let v t G 14 i be the unique real place where Gi is isotropic, it 
suffices to show that the R-rank of Gi ® equals the R-rank of G 2 ® k 2}V2 . We will prove the 
contrapositive. Suppose rankn*(Gi ® k\ }Vl ) > rankR(G 2 ® k 2iV 2 ). Recall that rankR(Sp 2n (R)) = n 
and rankR(Sp(p, n — p )) = min {p,n — p}. Let r be the Hermitian subform as in the proof of 
Lemma 16.11 We can choose r to guarantee that rank R (SU(r ® k vi )) > rank R (G 2 ® k 2}V2 ), and 
hence N r <£ Q TG(M 2 ). ' □ 

Proof of Theorem O (a) Begin by noting that Gi is isomorphic (as a Lie group) to the adjoint 
group of G,. Lemma 16.11 and Lemma 16.21 imply G i and G 2 have the same absolute rank n and 
same R-rank. Simple algebraic groups of type C n are determined up to isogeny by their rank and 
R-rank [15} Lemma 2.2], and hence G\ and G 2 are isomorphic. From this it immediately follows 
that dim Mi = dimM 2 . 

(b) Now when n > 4, dim G, = n(2n + 1) < 2 {n — 1)(2 n — 1) = 2dimH. Since M\ and M 2 are 
simple, by j2T[ Proposition 7.4] the result follows. □ 

Proof of Theorem [0 By Lemma 16.11 we may assume n\ = n 2 and that either they are both of 
split-type or both of nonsplit-type. Let k be denote a fixed representative of the isomorphism 
class of k(Mi ) and k(M 2 ). Suppose first that both Mi and M 2 are of split-type. By Remark 14.51 it 
follows that a choice of absolute rank and of held of definition determines their commensurability 
class and the result follows. 

Now suppose both spaces are of nonsplit-type. Then there are n-dimensional Hermitian 
forms hi over quaternion algebras Di over k giving rise to M*. Let Hi = SU(r) be associated 
to a maximal subform subspace of M\. Observe that since -Rfc/Q(Hi)(<Q> p ) = IldpHi(/c„) for each 
rational prime p, /4/q(Hi) detects the local ramification type of D i over each p. By assumption 
and IM> Theorem 3.5], /4 /<q(H i) is Q-isogenous to a Q-subgroup of Rk/q G, and hence D 2 must 
have the same ramification behavior over each rational prime. Therefore, this isogeny gives a held 
automorphism r : k —> k sending the ramihcation set of D i to the ramification set of D 2 . Upon 
twisting by r, we may take D\ and D 2 to be h-isomorphic algebras, and we will let D denote a 
hxed representative of this isomorphism class. 

Suppose now that Mi and M 2 are nonconmiensuable. Noncommensuable spaces with the 
same held and algebra of definition must come from nonisometric Hermitian forms, which in turn 
have nonisometric trace forms [3T( Theorem 10.1.7]. Since the trace form is uniquely determined 
at every finite place (see Lemma 13.11 and j5Tl Theorem 7.8.1]), every complex place, and every 
real place where D splits, they must differ at a real place where D ramifies. Furthermore, by [2U 
Lemma 8.2], we may replace h t with a similar form such that the signature (si,s 2 ) of hi at each 
real place where D ramifies satishes si > s 2 . Note that if hi and h 2 are isotropic at a different 
number of infinite places, we can detect this with a sub form subspace that lies in one of the Mf s 
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but not in the other. Suppose for the moment n > 5. By the same signature arguments used in 
[241 Theorem 8.8], it follows that there is a maximal subform subspace of one whose signatures 
force it to not be a subspace of the other. In the case n — 3, since isotropic places must have 
signature (2,1), to be noncommensurable, they must have a different number of isotropic place, 
which can be detected by a maximal subform subspace. In the case n = 4, either they have a 
different number of isotropic places, which can be detected by a subform subspace, or they must 
have a different number of places of signature (2, 2) and (3,1) and hence we may detect this with 
a maximal complex restriction subspace. In each of these cases, we have constructed a totally 
geodesic subspace contained in one but not the other, thereby producing a contradiction. □ 

The following corollary is an immediate consequence of Theorem [B] and Theorem ICl 

Corollary 6.3. Let M\ and M 2 be simple finite volume locally symmetric orbifolds of type C ni 
and C n2 , respectively, where n* > 4. If QTG(Mi) = QTG(M 2 ), then Mi ~ c M 2 . 

7. Applications to Quaternionic Hyperbolic Spaces 

In this section we apply our techniques to answer some questions about quaternionic hy¬ 
perbolic orbifolds. Throughout this section, let M be a finite volume, 4m-dimensional, quater¬ 
nionic hyperbolic orbifold, m = n — 1 > 2, with commensurability class determined by the 
(k,vo,D) (see Theorem [All . We fix once and for all the real place vq G 14 over 
which the n-dimensional Hermitian form h is isotropic. We denote k vo by R and by HI. Let 
G = SU(V, h), Vr = V <g)fc R, /ir denote the extension of h to Vr, and G(R) = Sp(m, 1). We let 
Max(D) denote the set of isomorphism classes of maximal subfields of D. 

By Theorem 12.121 we know M has three types of totally geodesic subspaces: real, complex, 
and quaternionic hyperbolic. We show in Proposition 17.11 that the finite volume totally geodesic 
subspaces of M inherit the arithmetic structure of M. In particular, the real hyperbolic are 
standard arithmetic and the complex hyperbolic are arithmetic of the first kind. One can find 
the construction of standard arithmetic real hyperbolic orbifolds (which are sometimes referred 
to as arithmetic orbifolds of simplest type) in |25] §2] and the construction of arithmetic complex 
hyperbolic orbifolds of the first kind in [21] Clip 5]. 

Proposition 7.1 (Classification of Finite Volume Subspaces). If N G QTG(M), then N is arith¬ 
metic with field of definition k(N ) = k and N can be realized by restricting h to some k-subspace 
of V. In particular, if 

(1) N is real hyperbolic, then N is standard arithmetic. 

(2) N is complex hyperbolic, then N is arithmetic of the first kind relative to K/k where 
K G Max(.D). 

(3) N is quaternionic hyperbolic, then D(N ) = D(M). 

Proof. By [24, Theorem 3.3], N is arithmetic. Let F denote R, C, or HI according the whether N 
is real, complex, or quaternionic. Let H C G := G(R) be the connected semisimple Lie subgroup 
giving rise to N. Since N is F-hyperbolic, it follows that H = H(R)° where H = SU(W / ,r / ) for 
some totally F-subspace W' C Vr and r' the restriction of to XV'. Let L C V be an Go-lattice 
and let Gl be its stabilizer in G. Since A := Gl D H is a lattice in H, by Borel’s density theorem 
[5], A is Zariski-dense in H. and hence H is defined over k [4J AG. 14.4]. From this it follows that 
k(N) = k. 


admissible triple 
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Furthermore, IF := IF'flF is a ^-structure on IF' and letting r denote the restriction of h to 
W, we have that the commensurability class of N is determined by the fc-group SU(IF, r). In the 
case that IF' is totally real, (IF', r') is a quadratic space over M, and hence (Id 7 , r) is a quadratic 
space over k and (1) follows. In the case that IF' is totally complex, let 5 G H denote the pure 
quaternion for which IF' = W'8. It follows that the /e-algebra K := k[h(W, IF)] C ( D flM(<5)) is a 
maximal subfield of D and hence is an imaginary quadratic extension of k. It follows that (IF, r) 
is a Hermitian space over the pair K/k and (2) follows. In the case that IF is totally quaternionic, 
the result follows from the fact N is a subform subspace. □ 

We can now analyze each of these classes of totally geodesic subspaces on their own. In 
particular, it is natural to the ask the following question: 

Question 2. To what extent does the collection of finite volume, real (resp. complex) hyperbolic, 
totally geodesic subspaces of M determine the commensurability class of M ? 

Interestingly we shall show that the answer is a geometric version of the following fact about 
quaternion division algebras over a number field k: there are many quaternion division algebras 
with center k , but a quaternion division algebra is uniquely determined by its collection of maximal 
subfields Remark 5.4], Here we should think of the center of the division algebra as the real 
hyperbolic subspaces, and the maximal subfields as the complex hyperbolic subspaces. 

Proposition 7.2. Let N be an arithmetic 2m-dimensional complex hyperbolic orbifold of the first 
kind associated to the pair K/k, where K 6 Max(Z4). Then N is commensurable to a totally 
geodesic subspace of M. This subspace is realized by restricting the Hermitian form h on V to a 
2 n-dimensional totally complex subspace. 

Proof. Associated to N is an n-dimensional Hermitian space, (W*,h*), over K/k with signature 
(m, 1) at the real place where h is isotropic and anisotropic at all other real places. By assumption, 
there exists a pure quaternion 5 G D such that K is isomorphic to k(8). Let p be a pure 
quaternion compliment to 5 (i.e., D is generated as a fc-algebra by 8 and p and 8 p = —p8). In 
particular, D — K © Kp and we can naturally extend IF* to a 14-vector space IF' := IF* © W*p. 
Furthermore, we can extend (IF*, h*) to a Hermitian space (IF', h') over D via the following: For 
a + bp, c + dp G D, a,b,c,d G k(8), 

h'(a + bp, c + dp) := ( h*(a, c ) — h*(b, d)p 2 ) + ( h*(a, d) — h*(b, c))p. 

By construction, h and h! are locally isometric at the infinite places of k. It follows from Lemma 
13.II that the trace forms qh and qy are locally isometric at all finite places of k. By local-to-global 
uniqueness m Theorem 66:4], the trace forms are isometric over k, and hence by (3TJ Theorem 
10.1.7], the Hermitian spaces (V, h) and (IF', h') are isometric over k. Furthermore, we recover h* 
by restricting h! to the totally complex subspace IF* C IF', and the result follows. □ 

Recall that QTG(M,Vc) (resp. Q TG(M,Vm)) is the collection of commensurability classes 
of maximal, finite volume, nonflat, complex (resp. quaternionic) hyperbolic, totally geodesic 
subspace of M. 

Proof of Theorem [D1 First suppose QTG(M 1 ,'P<c) = < QTG(M 2 ,Vc)- It is clear that dim Mi = 
dim M 2 , and by Proposition 17.II k(Mfi) and k(Mfi) are isomorphic. Let k be a fixed representative 
of this class, Vq be its distinguished real embedding, and identify D{M\) and D(M 2 ) as algebras 
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over k. By Proposition 17.21 it follows that Max(Z)(M 1 )) = Max(D(M 2 )). Since the set of maxi¬ 
mal subfields determines the isomorphism class of the algebra [29, Remark 5.4] [23], we conclude 
that D(Mi) and D(M 2 ) are A;-isomorphic. It follows that (k, vq, D(Mi)) and (k, vq, D(M 2 )) are 
equivalent admissible triples. By Theorem [Aj Mi and M 2 are commensurable. 

Now suppose QTG(Mi,Vm) = QTG(M 2 , Ph). Again it is clear that dim Mi = dimM 2 . By 
Proposition 17.11 k(M\) and k(M 2 ) are isomorphic. Let A; be a fixed representative of this class, vq 
be its distinguished real embedding. By Proposition 17. M3 ), D(M\) and D(Mf) are isomorphic. 
It follows that (k,vo, D(Mi)) and (k,vo, D(M 2 )) are equivalent admissible triples, and again by 
Theorem [A] M\ and M 2 are commensurable. □ 

Proposition 7.3. Let N be a standard arithmetic m-dimensional real hyperbolic orbifold with field 
of definition k. Then N is commensurable to a totally geodesic subspace of M. This subspace is 
realized by restricting the Hermitian form on V to an n-dimensional totally real subspace. 

Proof. Associated to N is an n-dimensional quadratic space (W*,q) over k with signature (m, 1) 
at vq and has signature (m + 1, 0) at all other real places. Let W' = W* <g)fc D and h! q D 
be the Hermitian form over D extending q to W'. By Lemma 13.11 the trace forms qh and qy 
are locally isometric. As in the proof of Proposition 17.21 [271 VI.66:4], and pJT, Theorem 10.1.7] 
imply the Hermitian spaces (V, h) and (W', h!) are isometric over k. Furthermore, we recover q by 
restricting h! to the totally real subspace W* C IT', and the result follows. □ 

Corollary 7.4. Let S be a standard arithmetic, d-dimensional, real hyperbolic orbifold with field 
of definition k, 2 < d < m. Then S is commensurable to a totally geodesic subspace of M. 
This subspace is realized by restricting the Hermitian form on V to an d-dimensional totally real 
subspace. 

Proof. Let N be a standard arithmetic, m-dimensional, real hyperbolic orbifold with field of defi¬ 
nition k containing A as a totally geodesic subspace. By Proposition 17.31 N is commensurable to 
a totally geodesic subspace of M and the result follows. □ 

Proposition 17.31 savs that Q TG(M,Vr) cannot distinguish between commensurability classes 
of quaternionic hyperbolic orbifolds with a fixed field of definition k. In the following corollary, 
we give a sense of the extent to which Q TG(M,Vr) fails to determine a commensurability class. 

Corollary 7.5. For each m > 2 and s > 2, there exists a family {Mi, M 2 ,..., M s } of 4m- 
dimensional quaternionic hyperbolic orbifolds such that the members are pairwise noncommensu- 
rable and every finite volume, real hyperbolic, totally geodesic subspace in one is commensurable 
to a totally geodesic subspace in each of the others. Furthermore, this collection can be chosen so 
that each member has the same field of definition. 

Proof. Fix some totally real number field k, a distinguished real place Vo, and pick s quaternion 
division algebras D\, D 2 ,... D s e Br(A;) that are pairwise nonisomorphic and which ramify at 
all real places of k. Let M be an 4m-orbifold in the commensurability class determined by the 
triple ( k,Vo,Di ). Since the collection of admissible triples ( k,Vo,Di ) are pairwise inequivalent, 
{Mi, M 2 ,..., M s } are pairwise noncommensurable (Theorem [All. By Proposition 17.11 the real 
hyperbolic, totally geodesic subspaces of the M, are standard arithmetic with field of definition k. 
Let S' be a standard arithmetic, d-dimensional, real hyperbolic orbifold with field of definition k. 
By Corollary 17.41 S is commensurable to a totally geodesic subspace of Mi for all 1 < % < s. □ 

The proof of Theorem [E] immediately follows from this corollary. 
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8. Surface Subgroups and Theorem m 

We now use our results on real hyperbolic totally geodesic subspaces to construct (infinitely 
many commensurability classes of) quasiconvex surface subgroups within the fundamental group 
of a quaternionic hyperbolic orbifold, thereby proving Theorem |F] In this section, M will denote a 
4m-dimensional compact quaternionic hyperbolic orbifold, m > 2, whose commensurability class 
is given by the admissible triple (k,v o, D). 

Lemma 8.1. Let M be a simple arithmetic locally symmetric space of noncompact type. Ifk(M) 

Q, then M is compact. 

Proof. By our assumption that M is arithmetic and simple, it comes from the restriction of scalars 
from k to Q of a simple algebraic k- group G where k is some totally real number field not equal to 
Q. Since M is simple, G can only be isotropic at one real place, and hence G must be fc-anisotropic 
By j6j 11.8], M is compact if and only if R^/ qG is Q-anisotropic which is the case if and only if 
G is fc-anisotropic, and the result follows. □ 

Lemma 8.2. Let M be a quaternionic hyperbolic Am-orbifold, m > 2. If M is compact, then 
k{M) ± Q. 

Proof. We prove the contrapositive. Suppose k(M ) = Q. By assumption, M is associated to an 
(m + l)-dimensional Hermitian form over an admissible pair (Q, D). Since the trace form qh has 
dimension greater than 4, by [7J Lemma 4.2.7], it is isotropic at all finite places. By assumption h, 
and hence qh, is isotropic at the real place. Hence qu is isotropic at all places, and by the Strong 
Hasse Principle [7] Theorem 6.1.1], qh is isotropic, which implies h is isotropic. It follows that 
SU {h) is Q-isotropic, and hence by [6] 11.8], M is noncompact. □ 

Combining these two results, we obtain the following proposition. 

Proposition 8.3. If M is a compact quaternionic hyperbolic Am-orbifold, m > 2, then every 
arithmetic real hyperbolic surface with field of definition k = k(M ) is commensurable to a closed, 
orientable, real hyperbolic, totally geodesic surface in M. 

Proof. Let S' be an arithmetic hyperbolic surface with field of definition k. Since all arithmetic 
real hyperbolic surfaces are standard arithmetic, Corollary 17.41 implies S' is commensurable to a 
real hyperbolic, totally geodesic surface in M, which we denote S. By Lemma 18.21 and the fact 
M is compact, we know k ^ Q, and by Lemma [8.11 it follows that S is compact. The metric on 
S is complete, hence it has no boundary and is closed. Now let S' be a simply connected cover of 
S in HJJ. Since the determinant of any matrix in Sp(m, 1) C Sp 2m+2 (C) is 1, the stabilizer of S 
in PSp(m, 1) is PSO(2, 1) (i.e., all isometries of stabilizing S are orientation preserving) and 
therefore S is orientable. □ 

Proof of Theorem [0 Let S C M be one of the closed, orientable, totally geodesic, real hyperbolic 
surfaces produced in Proposition 18.31 By construction, vri(S') sits as a subgroup of 7 Ti(M). Since 
M is compact, the Svarc-Milnor Lemma [3) 9.19] gives that tti(M) and M are quasi-isometric. 
Since S is totally geodesic in M, it is convex, and hence the above quasi-isometry gives that tti(S) 
is quasiconvex in 7 Ti(M). □ 

Theorem 8.4. If T < Sp(m, 1), m >2 , is a nonuniform lattice, then V contains surface sub¬ 
groups. 
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Proof. It suffices to show that, for m > 2, every noncompact, finite volume, quaternionic hyperbolic 
4m-orbifold M contains a compact, real hyperbolic, totally geodesic surface. By Lemma 18.21 it 
follows that k(M) = Q. Let (Q, D ) be the admissible pair associated to M. Let S' be a compact 
surface with held of definition Q. Corollary 17.41 implies S' is commensurable to a real hyperbolic, 
totally geodesic surface S in M. Then tti(S) is a surface subgroup in T = 7ir(M), and the result 
follows. □ 

Since nonuniform lattices in Sp(m, 1) are relatively hyperbolic, Theorem 18.41 gives the exis¬ 
tence of a class of relatively hyperbolic groups that contain surface subgroups. 
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